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ABSTRACT: Using the parent Lagrangian approach we construct a dual formulation, in
the sense originally proposed by Curtright and Freund, of a massive spin two Fierz-Pauli
theory in arbitrary dimensions D. This is achieved in terms of a mixed symmetry tensor
TA[B,By...Bp_,)» Without the need of auxiliary fields. The relation of this method with
an alternative formulation based on a gauge symmetry principle proposed by Zinoviev is
elucidated. We show that the latter formulation in four dimensions, with a given gauge
fixing together with a definite sequence of auxiliary fields elimination via their equations of
motion, leads to the parent Lagrangian already considered by West completed by a Fierz-
Pauli mass term, which in turns yields the Curtright-Freund action. This motivates our
generalization to arbitrary dimensions leading to the corresponding extension of the four
dimensional result. We identify the transverse true degrees of freedom of the dual theory
and verify that their number is in accordance with those of the massive Fierz-Pauli field.
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1. Introduction

Fields with spin two and higher in dimensions larger than four are of considerable interest
for understanding supersymmetric string theories together with their brane extensions from
the perspective of the M-theory. An additional feature that adds interest to this problem
is that in dimensions D > 5, the totally symmetric tensor fields are not enough to cover
all the irreducible representations of the Poincaré group. Thus, when dealing with higher
spin theories it becomes necessary to take into account fields with mixed symmetry [[l-[]
belonging to “exotic” representations of the Poincaré group. It is therefore quite natural
to expect that, in a field theory limit, the superstring theory should reduce to a consistent
interacting supersymmetric theory of massless and massive higher spin fields. In four
space-time dimensions, Lagrangian formulations for massive fields of arbitrary spin were
originally constructed in ref. [[l]. Later, this construction was used to derive Lagrangian
formulations for massless gauge fields of arbitrary spin [[J]. An important matter related to
mixed symmetry tensor fields is the study of their consistent interactions, among themselves
as well as with higher-spin gauge theories [ff]. Amid the many approaches to the problem, a
particularly interesting one is the Zinoviev approach [[] where the gauge symmetry principle
has been extended to deal with the massive case in a way that incorporates a Stueckelberg-
like formulation of the corresponding actions in the background of Minkowski and (A)dS
spaces.

The proliferation of “exotic” mixed symmetry fields poses the question of identifying
different representations that can describe the same spin, possibly in different phases with



respect to a weak/strong coupling limit. This is precisely the subject of duality, which has
been profusely studied along the years in many different contexts [F, [f]. In the massless
case, dual formulations of fields with spin two and higher in arbitrary dimensions have
been derived from a first order parent action [L{] based upon the Vasiliev action [LT]. In
this case, when the original description of the gauge fields in dimension D is in terms of
totally symmetric tensors, dual theories in terms of mixed symmetry tensors corresponding
to Young tableaux having one column with (D — 3) boxes plus (s —1) columns with one box
have been obtained [[I0]. A discussion of duality for massless spin two fields in arbitrary
dimensions, which is consistent with the Vasiliev formulation [EI], has been presented in
ref. [[J]. An alternative construction of theories which are dual to linearized gravity in
arbitrary dimensions has been developed in ref. [[[J], following the method of the global
shift symmetry applied to the tetrad field.

Contrary to the massless case, dual formulations for massive gravity are not as well
explored and still present issues requiring elucidation. The basic idea of dualizing the
massive Fierz-Pauli (FP) action [[[4], written in terms of the standard symmetric tensor
hag, is to find a formulation where the kinetic contribution of FP yields the mass term

1 There are many ways,

contribution of the corresponding dual theory, and vice-versa.
not necessarily equivalent, to construct dual theories. A convenient tool to achieve this is
through the use of a first order parent action which contains both fields and which produces
the dual theories via the elimination of the adequate field using its equations of motion [[[5].

Curtright proposed a dual description of the massive FP action based upon the mixed
symmetry tensor Typcy satisfying the same identities as the linearized spin connection of
Einstein’s theory in arbitrary dimensions [[. The corresponding kinetic term was con-
structed by imposing gauge invariance under general gauge transformations that respect
these identities, which completely fixed the corresponding relative coefficients. The mass
term was chosen to provide the standard energy-momentum relations for massive fields.
In ref. [, Curtright and Freund (CF) tried different parent actions in four dimensions to
obtain the duality transformation between the FP action and that corresponding to the
mixed symmetry tensor, but they were not able to obtain such a connection. They could
only construct parent actions where the h,z field satisfied the FP action, but the mixed
symmetry tensor T3, was associated to an action which was different from the one dic-
tated by the gauge symmetry requirements imposed by their construction. Anyway, the
impossibility of obtaining a dualization of massive FP was not conclusively proved, and
they remarked the necessity of a definitive analysis of the subject.

Motivated by such results, a constructive method based on the parent Lagrangian
approach was pursued in refs. [[L6, [[7], which dispensed from the gauge invariance require-
ments of the action dual to FP. The starting point of the procedure is a second order
Lagrangian in four dimensions, which depends on the fields ¢ and their derivatives 9,,¢°.

I The indices of D-dimensional tensors will be denoted with capital latin letters, while greek letters will
be specifically used for the 4-dimensional ones. Square brackets will indicate antisymmetrization and curly
brackets symmetrization. The Minkowski metric is denoted by nap = npa = diag(—1,+1,---+ 1) and the
completely antismmetric tensor by €4, 4,...4,. Only in these cases the symmetry is not explicitly stated by
the corresponding brackets.



As the first step, a first order Lagrangian is constructed using a generalization of a pro-
cedure presented in ref. [[I§], by introducing, via appropriate Lagrange multipliers L}, an
adequate number of invertible auxiliary variables f = fi(¢% 9,¢?). This intermediate
Lagrangian contains the fields f; only in algebraic form, and thus they can be eliminated
from the corresponding equations of motion. The resulting Lagrangian contains the deriva-
tives of the original fields ¢® times the Lagrange multipliers L, which become auxiliary
variables. A point transformation in the extended configuration space for the auxiliary
variables LY, L = €"Y°"H,, 4., incorporates the intuitive idea of duality and yields the
parent Lagrangian from which both dual theories can be obtained. The equations of motion
for Hyyer make these fields explicit functions of ¢, Ha,,UT(cpb), and allows to go back to
the original action after they are substituted in the parent Lagrangian. On the other hand
we can also eliminate the fields ¢® from the parent Lagrangian using their own equations
of motion, and in such a way we obtain a new theory that only contains the H,,,-. This
new Lagrangian is dual to the original one, and the equivalence is given by the transfor-
mations defined by the equations of motion of the parent Lagrangian. This approach gives
a parent Lagrangian with a minimum number of fields: the original ones and their duals.
The generalization of this approach to higher order Lagrangians as well as to arbitrary
dimensions is straightforward.

Applying this procedure to the massive spin two field Ay, we started with the stan-
dard Fierz-Pauli Lagrangian and constructed a family of first order Lagrangians that con-

tain the symmetric tensor hy,,) and the mixed symmetry tensor 7, Using the equations

(]
of motion for Ay, we can eliminate this last field, in such a way that we obtain a set of
multiparametric families of Lagrangians dual to massive Fierz-Pauli, where the dynamics

is now contained in the T, field. The unique kinetic term of these dual actions is fixed

Qv
by the choice of the FP lila}ss term in the parent action, while only the corresponding
mass terms incorporate the free parameters. A practical approach to obtain the general
structure of such parent Lagrangians amounts to writing the most general combinations of
terms quadratic in the dual fields hy,,, and T;(g,], plus a combination of all the possible
coupling terms which are linear in each of the dual fields and include one derivative. The
arbitrary coefficients are partially fixed by eliminating T,,/3,) from the parent Lagrangian
and demanding the recovery of the Fierz-Pauli action. After a careful inspection of all dual
Lagrangians obtained with this method it becomes clear that the Curtright Lagrangian is
not obtained.

A key to understand this difficulty is given by the first order action proposed by
West [LJ]. It has the form of a Lagrangian in our multiparametric family, but with h,,,
without a definite symmetry, instead of the symmetric one chosen in [[[§, [4]. When Tofuw]
is eliminated from this first order Lagrangian, the antisymmetric part of h,, decouples and
becomes irrelevant, so that we obtain the usual massive Fierz-Pauli theory. On the other
hand, when we eliminate the h,, field, the presence of its antisymmetric part alters the

dynamics of Ty thus extending the families of dual Lagrangians for the massive spin

uv)s
two field to include the form proposed by Curtright.
A different approach was followed by Zinoviev [I9] based on a Stueckelberg-like con-

struction for massive tensor fields in Minkoswki as well as (Anti) de Sitter spaces. For the



spin two case in four dimensions he starts from a first order parent action incorporating
the fields (w,ja g, F [e:5] | ) which are dual to (ha, Ay, ¢). The massive first order parent
action is constructed from the corresponding free actions for the massless version of the
above mentioned fields, plus additional mass terms which induce a redefinition of the orig-
inal gauge transformations for the massless fields in order to preserve a mass dependent
gauge invariance of the full action. In this sense (F®0) 7®) together with (A,, ¢) are the
auxiliary Stueckelberg fields for the resulting spin two massive dual fields h, and wyjag)-
The construction is presented in four dimensions and no general prescription for arbitrary
dimensions is given, as it has been done for example in the massless case in ref. [@], except
for the statement that the method can be easily generalized in such a case.

The paper is organized as follows. In section II we demonstrate the equivalence be-
tween the dual Zinoviev action, with an adequate gauge fixing, and the Curtright-Freund
action in four dimensions. We also start from the Zinoviev parent action (which includes
a non-symmetrical h,,) and show that the elimination of some auxiliary fields together
with additional gauge fixing leads to the first order parent action proposed by West [[[J]
plus a FP mass term. From this parent action we recover, on one hand, the Fierz-Pauli
formulation in terms of the symmetric part of h,, and, on the other, the Curtright-Freund
dual theory in terms of the field 7,3, This duality, described in section III, directly
relates the description in terms of a symmetric FP field hap and a mixed symmetry tensor
T'BlA,...Ap_,)]» satistying the cyclic identity, in arbitrary dimensions D. This construction
does not require the use of additional Stueckelberg-like fields. The count of the true degrees
of freedom of the dual field Tg[4, . 4,,_, is also performed in this section. The last section
contains a summary and comments on the work. Finally, we conclude with two appen-
dices. In appendix A we include some useful expressions incorporating properties of the
antisymmetrized generalized delta function which have proved useful in the calculations.
Appendix B contains the derivation of the Lagrangian constraints satisfied by the dual field
T'B[A,..Ap_,) that arise from the corresponding equations of motion and which are required
in section III to obtain the correct number or propagating degrees of freedom.

2. The Zinoviev approach and the Curtright-Freund formulation in a four
dimensional Minkowski space

It is relevant to understand the relation between the Zinoviev approach, based on a first
order parent Lagrangian having well defined gauge symmetries generated by a set of aux-
iliary fields [L9], and the scheme proposed in ref. [L], based on the most general form
for the first order parent Lagrangian containing only the dual fields. In the approach of
ref. [19] a duality transformation between Stueckelberg-like Lagrangians for massive fields
is obtained, while in that of refs. [[§, [7] the duality is directly stated at the level of the
fields hog and TPl corresponding to different representations for the massive spin two
degrees of freedom. When comparing with works of Zinoviev one has to keep in mind that
his metric is diag(+, —, —, —) so that we will need to make the appropriate changes of signs
to translate his results into those corresponding to our choice of the metric. Let us recall
that a consistent way of getting the correct relative signs is to count the total number of



Nag factors in a given expression, each of which carries a minus sign. Sometimes we make
a global change of sign in the resulting transformed Lagrangian.

2.1 The Curtright-Freund action from the Zinoviev dual action

A closer look at the final result of ref. [[[J] for the dual action to FP in terms of the field
whloB reveals the notable feature that, after gauge fixing, it is equivalent to the CF action
in terms of the field T°¥!, which is the Hodge dual of w#®8l. To show this property in a
simple way let us start from eq. (2.12) of ref. I which we rewrite here in flat space (zero
cosmological constant) and in the metric (—,+,+, +)

1 v 1 1 o 2 m 1 776% 1 (63
Lz =3 <R“ Ry — §R2> 5 (0 Fan)” + 75 <w“[ 00 By + 500 F[au])
2 1
+ mT (w“[amwa[uﬁ] - gw”w“> , (2.1)
with

W = 0o, Riuag) = utorias) — Ooyfasts R = Riy™ Ruw # Ry (22)

(g (o]

which is gauge invariant under the transformations

&UM[@B} = 9,07,
SF = /201, (2.3)
SwotlaB] — nheel — priee, (2.4)

We can use the gauge freedom associated to 814 to set FIl = 0, which leave us with

1 5 1 m? N 1
Ly = BY <R'u Ry, — §R2> + DR <wﬂ[ mwa[ﬂﬁ} - gwﬂwﬂ> ) (2.5)

which is still invariant under the transformations (B.4). After writing the kinetic part in
terms of wt(®l the above Lagrangian reduces to

Los afu) _ 1 w2, M plop] Lo
ﬁZ = 58 wu[amagw — 6 (8aw ) + 7 w wa[“m — gw Wy | - (26)

It is convenient to split w*@? into a traceless piece @8 and the trace w”,
1
whlaB) — Gulas) 5 (nuawﬁ _ nuﬁwa) , @8 =, (2.7)

which transforms as

stleBl = 0, swf = 3¢8, (2.8)

under the remaining gauge symmetry (2.4). Such symmetry allows us to set

w? =0, (2.9)



thus reducing the Lagrangian (.6]) to

1

,CZ:§

2
aﬁ@u[am&yc—ua[‘uﬂ + %@”[am@a[uﬁ]. (2.10)

To make contact with the CF Lagrangian we introduce now the field T°#! which is dual
to WPl

Bplag] = €apurT, (ko] (2.11)

The first property to remark is that the traceless condition upon &g leads to the cyclic
identity of the dual field

el opvlen] 4 ulvel — (2.12)

characteristic of the CF field. In terms of this new variable the Lagrangian (B.1() becomes

Ly =0T MIOsT, ) — 20°T" 95T, — 20,707 T, 5, — 05T WO T,
— AT, 0,057 + 20, T"0°Ty. — m? (T“W Tofor] — 2TUTU> , (2.13)

with 79 =T, lae], Incorporating now the field strength
Fojapy) = OaTyipy) + 0510 + 0y Lifag); (2.14)

corresponding to 7),3,] we see that this Lagrangian is proportional to that of CF M, B]

1
Ly=- <Fy[aﬁy]F”[aﬂﬂ —3F 5

. F 0B80) _ gpp2 <TQ[UT]TQ[UT] - ZTUTC,)) . (215)

] o
This establishes that the Zinoviev dual action, with the given gauge fixing, is in fact the
CF action in four dimensions.

2.2 The Curtright-Freund action from the Zinoviev parent action

Using Zinoviev approach we should be able to identify the parent Lagrangian at the level of
the relevant fields w, (g, and hy,, in order to compare with the approach of refs. (4, 7] and
understand how the CF duality in four dimensions can be obtained from that approach.
Notice that here h,, is not a symmetrical field.

To this end we start from the gauge invariant full parent Lagrangian given by egs.
(2.1) and (2.5) of ref. [I9]

1
LhAgwFr= 3 (uﬂww _ wﬁ[aﬂwa[ﬁﬂ) — (wT[VO‘} + 57‘3‘(%[””] — 55(0#[“&]) Oyhy

1 1
= LPOEy + F9,A, - om0, 1 VEmaa,

2
M opwly, n \/§2_22m_a6 _p2
N V2t Ay, + [ Smhe —m?¢? + = (h Mg h),
(2.16)



which has the following symmetries

Shyw = B + K] — %nWA, Sh = 0,€" — 2v/2m,
« « « 3 2
bw o = 9,k 4 (5 ¢ — 50¢ ) dur P9 = 9, k) 4 “m ¢h.
0Ay, = éu + A, SFPl = —my/2xl00,

o \[ 2e 66 = —mV/3\. (2.17)

Again, the corresponding items in ref. [[J] are rewritten here in the metric (—,+,+,+).
The basic idea is to eliminate the auxiliary fields either by their equations of motion or by
gauge fixing. The first step is the elimination of m, via its equations of motion, which yield

To = Oad + V3mAq, (2.18)

leading to the remaining Lagrangian

1
LhAgwrF = 3 <w“’ww — wﬁ[a”’]wa[g,ﬂ) - <wT[Va} + 5?@0[,[””] — 5Zwu[“a]) ohg
- ZF[ A R + F™0,4, + ( 0@ + \/_mA ‘4 \/gmthﬁ — m2¢?

- EF[‘“’ o — V2mwh A, + (haﬁhﬁa - h2) (2.19)
The above Lagrangian is still invariant under the transformations (P.I7), leaving out the
transformation 67®. In this way the gauge freedom can be fixed using the parameters 7],
&, and A to set at zero the fields Flesl A, and ¢ respectively. Then we obtain

L= % (aﬂw«, — wﬁ[aﬂwa[mo ( el 4 ey — v a) Ovhar + — (haﬁhga — h2>

(2.20)
Observe that we still have a non-symmetrical h,3 with a specific choice for the FP mass
term. Let us also remark that the Lagrangian (2.20) corresponds to the selection a = 0
in the parameter of the corresponding Lagrangian in the Introduction of ref. [I]. This
is exhibited as a simple example of the ambiguities in the dual theory introduced by con-
structing the parent Lagrangian with arbitrary coefficients, restricted only by the condition
that after eliminating the field w,(g, the standard FP theory is recovered, as it is done in
refs. [L6, 7). Nevertheless, given that we arrive at the condition @ = 0 only after a very
particular gauge fixing and field elimination via equations of motion, we take this as an
indication that these two generally non-commuting and non-unique processes will also in-
troduce ambiguities in the final Zinoviev Lagrangian containing only the dual propagating
field. A more detailed discussion of this point is given at the end of section IV.

The above Lagrangian (R.20)) can be written in terms of the massless West parent
Lagrangian [[[3], with well known duality properties. To this end we introduce the following
field transformation

YT[az/} — [ua] + nTCl{ vo_ ,r]Tl/wa7 (221)



in such a way that

Y = —2w°, (2.22)
with Y = nT,jYT[O‘V I. This transformation can be inverted as
1 1
wa[ﬁ'y] = YOC['YB] + 57’]0{7}/5 — gnaﬁY«/ (223)

Applying this transformation to the Lagrangian (R.2(]) we finally obtain

1 TIVQ (0% 1 (6% «
Lry =5 |Y vl (B har — Oahyr) — YOOIV, o + 5Y Vot m> (h B hge — h2>] .

(2.24)
This is precisely the West action plus a FP type mass term in the notation of ref. [[[{].
As shown in this reference, the above Lagrangian in the massless case leads to the FP one
after YA ig eliminated using the corresponding equations of motion. The massive case
is completely analogous because the equations of motion for Y, do not involve the mass
term. Thus, the kinetic energy piece of the action in terms of h,g involves the antisymmetric
part hy,g only as a total derivative. The mass term contributes with a term proportional
to h[amh[am which leads to the equation of motion hj,g = 0. It is rather remarkable that
the FP formulation is recovered despite the fact that h,g is non-symmetrical. The above
parent action is not a particular case of those employed in refs. [If, [[q], where it was
assumed that h,g = hg, from the very beginning. Let us recall that the CF case was not
obtained in such references.
We will now show, from this point of view, that the dual theory corresponds precisely
to the CF Lagrangian by explicitly eliminating h,g from the parent Lagrangian (2.24).
The equations of motion for h.s give

1

R —— <3uya[l/ﬁ] _ %nﬁaayyl/> , h = 1
m

 3m2

After the substitutions (B.2§) are made in (2:24), the final rescaled Lagrangian is

. a,Y". (2.25)

Ly = —2m*Ly = 8,Y°A0ry,,y — % (0,Y")? +m? [Yﬁha]YaM — %Y‘J‘Ya . (2.26)

In order to make contact with the Lagrangian (R.I() which, as shown in the previous
subsection, leads directly to the CF action we still need to introduce the traceless field
Wpylag) according to eq. (B4). In this way the final change of variables turns out to be

2
e O (2.27)

After substituting in the Lagrangian (R.26) we obtain the dual one
s 1. _ m? [ gramt - 2
Lo = §8Vwa[ﬁ”}8pw5[ap} + > wﬁ[a”’]wa[ﬁ,ﬂ — gwawa ) (2.28)

In fact, the term (d,w”)? cancels out in the kinetic piece of Lagrangian (2:20), while
contributions proportional to w”w, in the mass term lead to w, = 0 by the equations of



motion. Finally, the Lagrangian (R.2§) is identical to (R.I(), thus leading to the CF final
action.

This establishes that the parent Lagrangian of Zinoviev, with the above specific gauge
fixing, gives a duality relation between the FP and the CF actions for a massive spin two
field in four dimensions.

We emphasize that the above duality relation can not be obtained with the formu-
lation presented in refs. [[[d, [[]. The reason is that there the tensor hy,, in the parent
Lagrangian is taken as symmetric, while in the parent Lagrangian of Zinoviev it has no

[ve]

definite symmetry. If we eliminate the field Y™ both Lagrangians lead to the FP one

with h,, symmetric, but this difference is crucial when the eliminated field is h,,, as can
easily be visualized as follows. If we introduce the decomposition

ha‘r = h{orr} + h[om']a (229)

in the Lagrangian (R.24),where hy,, is not symmetrical, we get

2
~ m
Lhy = — Yy[aﬂayh[ar] _ 7]1[@7}]1[&7}

vi{ar 1 vriat}y Yl %dRY,
+Y { }auh{om—} - 5 (Y { }YI/{O{T} -Y [ ]Yu[aﬂ)

1 m?
Ty e {at} 12
+ Y Yo+ T (0 hgry — h7) (2.30)
where
- 1 - 1 -
v[Ta] — Tlva] _ yrofut] v{ra} — Tlva] alvT] a _ a{rv}
Y 2<Y Y ) Y 2<Y ¥ ) Y =, YUt
(2.31)
Now we can eliminate h(,,) using its equation of motion
art 1 YaZle'sa
plotl = —50,Y lar], (2.32)

obtaining a Lagrangian that only contains h,-
Loy = =50,V gny ) 4 Sylemly,
hY = W v ulat] + 5 vior]
yiemdg, b Lyvieny, Lyay, + ™ (hlorhy, h?) . (2.33
+ V{CVT}_§ V{CMT}+Z a+7< {ar} — > ( )

If, on the other hand, we consider the Lagrangian (R.24) with h,, purely symmetric its
elimination leads to

1o v[at]|y
Lny =5V Y, e
yerto,n Ly rioryy Lyey, n? rlathp, h? 2.34
+ l/{orr}_§ I/{OLT}+Z oc+7< {at} — > ( )

It is clear that in the first case the field Y*[7 is a dynamical one, while in the second one
it is null. This states the difference between the dual theories generated in each case, and
gives us the clue to modify the approach of refs. [16, [[7] to generate a duality transformation
that connects the FP theory with a Curtright-type formulation in arbitrary dimensions.



3. The parent action and the dual formulation in arbitrary dimensions

Our aim is the construction of a dual description to the FP formulation for a massive spin
two field hap = hpa in arbitrary dimensions. We can follow the procedure developed in
refs. [[ld, [[7] to construct first order parent Lagrangians, but now starting with a nonsym-
metric field hap. According to the discussion there presented, it is possible to construct
several families of dual theories. These parent Lagrangians can be generalized to arbitrary
dimensions. Nevertheless, to be specific, in this work we will consider only the dual theory
generated by a parent Lagrangian that has the form of the one introduced in ref. [ and
discussed in ref. [[(Q], which corresponds to the Vasiliev description for a massless spin
two, plus the modified FP mass term proposed by Zinoviev. This is a generalization to
unsymmetrical hygp of a special case of the families just mentioned, and we defer a detailed
study of the general situation in arbitrary dimensions for future work. Thus, in a flat
D-dimensional space-time with metric diag(— + + + ++,...,+) we take

1 AC
(D — 2) YB [AB]YC [AC]

1
§=; / dPu [YC[AB} (Oahpc — Ophac) — Yopap Y P +
+m? (haph®* — h?) |, (3.1)

as our parent action. Here the fields are hpc and YIB! | with D? and D?(D —1)/2
independent components respectively. Redefining Y4Bl —, _yClAB] /V2 and hap —
V2hap this action becomes the action (4.15) of ref. [[J] plus a FP mass term, up to a
global minus sign.

The derivation of the FP action starting from the action (B.1)) is the same as in ref. [[[(],
because one needs to solve for YCMAB! which does not involve the additional mass term.
We only write the solution in our slightly modified conventions. The resulting expression
for Ypac) in terms of hyp is:

1
Yo = 5 [0a (hpc + heB) — Oc (hpa + hap) — OB (hac — hca)]

+npc (0Phap — 0ah) —npa (0°hep — dch),  (3.2)

Ya = Ypuen'“? = — (D - 2) (9ah — 9%hap) . (3.3)

These expressions allow us to eliminate this field in the action (B.1). Splitting h4Z in its
symmetric and antisymmetric parts

BAB — p{AB} 4 plAB] (3.4)

and dropping total derivatives we get

S = % / dPx [—8Ah{BC}OAh{CB} + 208 hypy0ahtA9Y — 20,h0Eh P + 04h0h

—m? (h{ Ay B 4y BA — h2)] . (3.5)

— 10 —



By using the Euler-Lagrange equation of hi4p) we get hjap) = 0, and thus we finally obtain

S = % / dPx [—aAh{BC}aAh{CB} + 208 hy pey0ah A% — 20, hdphAFY + 04hdh

—m? (ham P4 = 12} ], (3.6)

which is precisely the massive FP action in D dimensions. The Euler-Lagrange equations
yield (D + 1) constraints, d4htABY = 0 and hAA = 0, and thus the number of degrees of
freedom i
reedom is oD D
.7-"m:5(D+1)—(D+1):5(D—1)—1. (3.7)
To obtain the dual description we eliminate h4” using its corresponding equations of
motion obtained from the action (B.1), which yield

1 1
AB _ ABgy 3C _ A[CB]
h 5 <D 1 ocY ocY ) ) (3.8)
leading to the following action for Yoi4p

1
m2S = /de [8AYC[AB}3EYB[EC] - ﬁ(aAYA)z

1
+m? (YC[ ap Y BAC — mm%) } (3.9)

To compare with the usual formulation of the Curtright Lagrangian it is useful to introduce
the change of variables

yClBl — gotaBl Loy cays) (3.10)
(D—-1)
where @w€l45] has a null trace, w A [AB] _ . Rescaling the action to absorb the m? factor
we obtain
L [ b _CIBA|AE, - 2 ( _CIAB] - 1 A
5= §/d ’ [aAw PO wpien +m? (0N bsue - Ty Y YA |

(3.11)

Y CIBA] ig an irrelevant variable that can be eliminated

which clearly shows that the trace of
from the Lagrangian using its equation of motion. Thus we finally get

1
S = /de§ |:8A1DC[BA}8EQDB[CE] +m2wC[AB}QT)B[AC]} . (3.12)

This is the generalization to arbitrary dimensions of the Lagrangian (R.10).
The derivative term has the gauge symmetries

Swel APl = ABMMMsMp28)\\ S\ vings. Mp ] (3.13)

&DC[AB} = A PMMMs. Mp—2 (8M1A[CM2M3---MD72] + aCA[Mle---1\/11:)72}) - (3.14)

The mass term breaks these symmetries and assigns to the true degrees of freedom a
mass m.
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In order to make contact with the usual expression for the Curtright Langrangian in

D = 4, where the basic field satisfies a cyclic condition, we need to introduce the Hodge-

dual of wCABI

L (a8
TP[QlQQ---Qsz} = §U’P[ ]EABQl@...QD,27 (3.15)
which is a dimension-dependent tensor of rank (D — 1) completely antisymmetric in its
last (D — 2) indices. The resulting action corresponding to the field Tp(Q.Qs..Qp_o) Will be
taken as the dual version of the original FP formulation. We can invert eq. (B.15) obtaining

1
_ [AB] _ Q1Q2...Qp_2AB
e ]——MTC[Qle...QM1€ e (3.16)

Here we are using the basic definition

A1As. An_1AN]

A1As..Ap_1Ap _ sl
€ €B1B3..Bp_1Bp — _5[B1B2...BN,1BN}’

(3.17)

[A1A2.. AN _1AN]
[B1B2...BN_1BnN]’
N < D, together with its contraction with some relevant tensors, are written down in the

where the required properties of the fully antisymmetrized Kronecker delta §

appendix A. There we have included all the cases relevant to the calculation and we will not
specify the particular relation used in any of the following steps. The traceless condition
upon w4 [pc) leads to the cyclic identity for the dual field

EQle'”QD?ZASTS[Qle'”QDiz} — 0 (318)
It is convenient to introduce the field strength FAIQ1Q2--@p-2Qp-1] which is a tensor of
rank D, associated with the potential T4@Q1@Q2-Qp-2] given by

1
AlQ1Q2...Qp—_2Qp— [@Q1Q2...Qp—2QD-1] 9 A1 P A[As...Ap_2Ap_
ARIQ2.-Qp—2Qp 1] (72)! [All 2,,,A§,22A§,11}8 1pA[A2..Ap_2Ap_1] (3.19)

In this way FAQ1Q2--@p—2@p-1] gatisfies

[BQ1Q2...Qp—2] _ (D-1) oBTAR1Q2..Qp 2] (3.20)

A
€CQ1Q2..Qp 2B F' €CQ1Q2..Qp 2B

In terms of the Hodge-dual the kinetic part of the Lagrangian becomes

1 1 [AQ1Q2..Qp—2] B
(D —2) {<D—1>FB "

—C[BA] oF -
04w [BAlg WR[CE) = — [AQ1Q2..Qp—2]

[AQ1Q2..Qp_2] -B
— FA D—-2 F [BQIQZQD2]:|7 (3.21)

while the mass terms acquires the form

] 1

- B _
WBlAC] = _M[TB[Qle---QDz}T [Q1Q2--Qp—2]

5CIAB

BQs... _
~(D =T %0, 0p aTs" 2P 3]]. (3.22)
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Thus, the final action dual to FP in arbitrary dimensions can be written

1
_ D [AQ1..Qp-2] 1B [AQ1...Qp—2] B
S = /d :E{ N [(D -1) Fy TR [AQ1..Qp 2] — Fy R [BQl---sz]}

Qp_ BQ2..Qp_
—m? |:TB[Q1...QD72}TB[Q1 Qp 2}_(D_2)TC[CQ2...QD,3}TB[ 2..Qp 3]} }7

(3.23)

after an adequate rescaling of the original action. Here the field Tsg,q,..q,_,) satisfies

the cyclic condition (B.1§), and the gauge symmetries of the kinetic terms, broken by the
mass term, now become (up to global numerical factors)

MiMs...Mp_
OTP[Q1Q2..Qp—2] = 5{Q11Q;“QDD72]2]aMls{PMz}[MgMAL...MD,Q]7 (3.24)
1 [M1Ms...Mp_s]

5TP[Q1Q2~~QD72] = (D —2)! [Q1Q2...Qp_2] aMlA[PMQ---Msz] + 8PA[M1M2~.MD72}' (3.25)

The action (B.29), which is dual to FP in arbitrary dimensions and which is free from
auxiliary fields, is the main result of this paper. It reduces to the CF action in four
dimensions. We observe that the dual Lagrangians (B.1() and (B.I9) have identical form
when written in terms of the traceless field @“5! . Nevertheless this is not the case after
the introduction of the dual field of @¢5) which will satisfy the cyclic identity.
The action (B.23) leads to the equation of motion
Sty 2008 — (0 =18 O] 04 F g, 0

1
2 B [BM3...Mp_1]C _
—m” (D -2)! [T [A2...Ap_1] mé[Az--é----Agff}T [CMB---MDI]:| =0, (3.26)

or more explicitly, in terms of the derivatives of the mixed symmetry tensor
B
T [A2...Ap_2Ap_1]

[Mi..Mp_1] <B [BQ2.-Qp_1) [Mi..Mp_i] A c
(D —=2)4604, ", 0¢ — 5[A1A2...AD,11}5[CC192___ on | 07 OMT” (agynapy]

1
2 2 [ [BMs...Mp_1] pC _
—m?[(D - 2)] [T accpoi) ~ (D= rer b T [CM&__MDIJ = 0.

(3.27)

In appendix B we derive the Lagrangian constraints arising from this equation of motion.
The complete set of constraints which the dual field 75 (Ao Ap 1] satisfies is

D@02 510,0s..0p o) = 0, (3.28)
TB BAs..Ap_] = 05 (3.29)

oPTB Dasap =0, (3.30)

opTE Aoy, Ap_y] = O- (3.31)

After implementing these constraints the equation of motion reduces to its simplest form

(0 =m*) TP 4, ap =0 (3.32)
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The field T2 (g Ap 1] in D dimensions has ' = D?(D — 1)/2 independent components,
but it must satisfy the constraints (B.28)—(B.31)). To identify the degrees of freedom it is
convenient to write these constraints in momentum space, and in the rest frame where
ky = (m,0,0,....... ,0,0,0). In such a way the constraints (B.30) and (B.31]) imply that
only the components with purely spatial indices are non null, and give the independent

constraints:
T2 0Ly ] =0 (D—-1) % constraints, (3.33)
7° Uslsdp ] =0 — % constraints, (3.34)
7° 0fs.0p ] =0 — % constraints, (3.35)
where now the indices I; run only on spatial values, I, = 1,2,...,D — 1. Up to this stage

we have (D —1)[D (D — 2) + 2| /2 constraints. Taking the above relations into account,
the cyclic identity (B.2§) yields only one additional constraint corresponding to the choice
A = 0 in the expression

61112"'ID’QAITI[Illz...ID,ﬂ = 0. (3.36)

Finally, the constraints (B:29) lead to

T8 By dp_1] =05 B, I;=1,...,D —1, % constraints. (3.37)
Thus the total number of constraints is
C= %D (D—1)%+1, (3.38)
and the number of degrees of freedom actually is
g:N—C:%D(D—l)—l, (3.39)

which indeed is the same number obtained in eq. (B.7) for h{apy in the FP formulation.

4. Final comments

In this paper we have investigated the possibility of constructing dual theories for the
massive gravitational field in arbitrary dimensions, following a generalization of the ideas
originally proposed in refs. [B, fl]. In these works a dual relation between massive Fierz-
Pauli and a third rank mixed symmetry tensor T'4(q, g,] Was explored, failing in the attempt
of constructing such a relation. The possibility of using higher rank tensors with mixed
symmetry was also mentioned there, but this approach was not further developed. Thus,
the problem of finding the appropriate parent action providing the duality between the
Fierz-Pauli action and those for the mixed symmetry tensors proposed in refs. [E, EI] has
remained an open question. In the present paper we have shown that such a dual relation
can be obtained in four dimensions and we have also proposed a generalization to arbitrary
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dimensions in terms of a (D — 1)-rank tensor TA(Q1Q...Qp_o]- The construction can also be
presented in terms of the traceless field wpc), dual to T, Q,..q,_,]» in terms of which
the action has the same form in any dimension.

The motivation for our construction is rooted in the attempt to understand the rela-
tion between the Zinoviev approach [[J], based on a first order parent Lagrangian having
well defined gauge symmetries generated by a set of auxiliary fields, and the approach
proposed in ref. [If], based on the most general form for a first order parent Lagrangian
containing only the dual fields. In the Zinoviev formalism a duality transformation between
Stueckelberg-like Lagrangians for massive fields is obtained, while in that of refs. [[[d, [[7] the
duality is directly stated at the level of the fields corresponding to different representations
for the massive spin two degrees of freedom.

With the purpose of making contact between the two approaches, in section II we
take as the starting point the first order parent Lagrangian (2.1) plus the terms (2.5) of
ref. [[[], in the flat space limit, which depends on the fields w, [ ], h,* F (o] Ay, ™, and
¢. After eliminating 7@ and being consistent with the remaining gauge symmetries, we use
a gauge fixing such that all the auxiliary fields become null, and only the spin two dual
fields wy, 8] 4nd h,® remain. From here, implementing an adequate transformation, we
show that this gauge fixed parent Lagrangian is precisely equivalent to that proposed by
West [@], plus a FP type mass term, in the notation of ref. [@] This parent Lagrangian
leads to massive Fierz-Pauli after eliminating Y1), On the other hand, after eliminating
hag, we have shown that it is equivalent to the Curtright-Freund action in four dimensions.
This establishes that in four dimensions the parent Lagrangian of Zinoviev with the above
specific gauge fixing is equivalent to the West parent Lagrangian, which provides a duality
relation between the Fierz-Pauli and the Curtright-Freund actions for a massive spin two
field. We emphasize that the above duality relation between Fierz-Pauli and Curtright-
Freund was not obtained in refs. [[[f], [4]. The reason is very simple: in such references the
tensor hy, in the parent Lagrangian is taken as symmetric, while in the parent Lagrangian
introduced by West it has no definite symmetry.

On the basis of the last observation, the formalism of refs. [[§, [[7] has been extended to
arbitrary dimensions in section III, by replacing the symmetric hy4py tensor in the partic-
ular parent Lagrangian (B.1)) by one without a definite symmetry. In such a way we obtain
a new description for the massive Fierz-Pauli gravitation in terms of a mixed symmetry
tensor T'si9,Q,..Qp_,]» Pased on an action whose kinetic term satisfies the gauge symmetries
compatible with the cyclic condition (B.1§). We have also identified the propagating modes
of this theory, showing that they correspond to purely transversal components of a traceless
field. Within the parent Lagrangian formalism there are additional possibilities, starting
from the general structure for the first order Lagrangian discussed in ref. [1§] together with
a nonsymimetric h4p, which are not discussed here.

A comment regarding the two approaches considered in this work is now in order. Our
parent Lagrangian construction is based on the most general first order Lagrangian that
contains only a given field and its dual, provided that the elimination of the dual field yields
the adequate theory for the original field. This most general Lagrangian may depend on
several parameters, and thus the elimination of the original field leads to a multiparametric
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family of dual Lagrangians, i.e. for a given theory we can in general construct several dual
descriptions. On the other hand, the Zinoviev approach is based on a different perspective,
which leads to the construction of a Stueckelberg-type parent Lagrangian that contains the
original and the dual variables together with a set of auxiliary fields required to implement
certain gauge symmetries. To derive the dual Lagrangian in terms of the corresponding
propagating physical field it is necessary not only to choose some necessary gauge fixings,
but also to use some equations of motion. This can be readily appreciated in the four
dimensional parent Lagrangian (2.1) and (2.5) of ref. [[L], which starts with 55 independent
fields plus 11 arbitrary functions to be gauge fixed. Going from the remaining 44 variables
to the final 10 degrees of freedom requires either some field eliminations via equations of
motion or some field redefinitions that unify certain combinations. Clearly this adds a lot of
freedom to the final result. In this way, different gauge fixings will lead to dual Lagrangians
which are equivalent from the point of view of belonging to the same gauge orbits of the
original Lagrangian, but not necessarily equivalent among themselves, in the sense that
they cannot be connected by modifying the actions with boundary terms. The alternative
gauge fixed Lagrangians lead to different patterns for eliminating the remaining auxiliary
variables by using their equations of motion. This opens up additional possibilities for the
appearance of further non equivalent dual Lagrangians. The very different starting points
of both approaches makes it very difficult, if at all possible, to establish a general relation
between them. In this paper we have only shown that the Zinoviev approach with a given
gauge fixing leads to a dual Lagrangian also contained in the first order parent Lagrangian
approach. We defer for further work the study of the possible general connections between
these two approaches.

In a nutshell we can summarize our results by saying that the parent Lagrangian looked
for by Curtright and Freund for a massive spin two field in arbitrary dimensions is simply
given by the Lagrangian of West [[[J] completed by the Fierz-Pauli mass term arising from
the Zinoviev approach [I9], and involving a non-symmetrical rank-two tensor.

A. Properties of the generalized antisymmetric Kronecker delta

We summarize some relations including the antisymmetrized generalized delta function
together with its contractions with various antisymmetric tensors.

The completely antisymmetrized generalized delta function 552?;2“_'_1%\1] in D dimen-
sions having N! terms (N < D), is defined as
A A A
5%,11 5%,21 5%11’
[A1 Az An] e O0p - Ol
Oian iy = det | T (A1)
A A A
Oy Onfy -+ Oniy
having the basic decomposition property
[A1....AN] al [Ag..A;_1ALA An]
1---An] _1\(I-1) ¢A 2. Aj-1A1A41- AN
6[M1~..MN} o Z( 1) 51\/1115[M1...MI,1 Myiq...My] * (A.2)
I=1
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One important property is the contraction of the first I indices

slAr-ArAL e Ay] (D= N+ DU ar,..ap)

(A1 ArMryq...My] — W [Mry1...Mp)' (A.3)
The following contractions follow directly from the definition
Ap.. A
5%1\411---1\4’11\[\7}]5[1\/[1“.MN}T[AL--AN] = N! S[MlmMN}T[MlmMN]? (A.4)

slAAL- Ay 1]

SM[MlmMN?l}TA[Al...AN,ﬂ MMy Myo] — (N — 1)' |:SQ[M1...MN—1]TQ[M1“.MNil}

S(N-1) SP[QMl...MN72]TQ[PM1...MN72}1| ,

(A.5)
ARi...RN_

Sy .y TAlQ- @) glEf ol (v — 1)1 [gul@e@vl A

—(N —1) SA[AQL"QN&} TB[BQL--QN&}] :
(A.6)

B. The lagrangian constraints on TA[Qle---QD_z]
Starting from the equations of motion (B.27) we derive the constraints (B.29), (B.30)
and (B.31)), which together with the cyclic identity (B.2§) provide the correct number of
degrees of freedom for the dual field TP (DAs..Ap 1]

Contracting a derivative with one of the antisymmetric indices in the equation of
motion (B.27) we obtain the following first set of constraints

1
DB [BMs...Mp—1] oDC
O T 1Ay 4p) = (= 310D Ap 2] O 1 OMs.Mp ) (B-1)

Contracting next one of the antisymmetric free indices in (B.27) , for example Ay, with B
we get
[MiMy..Mp_1] 4A B
(D_Q)!é[BilAQg...Ag,ll]a Yo, T [MaMs...Mp_1]
[BQ2Qs...Q p—1] [M1M3..Mp_1] oA C
N 5[BA1A3~~-AD71] [CQ2...Qp-1] 0% o, T [MaM3...Mp_1]
1
2 2 B [BM3...Mp_1]C o
+ m [(D - 2)'] T [BAg...Apfl] - mé[BAg...Apfﬂ T [CMS---MDfl} - 0

(B.2)

In fact the second term with derivatives is proportional to the first one. This can be proved
using an adequate expansion of the antisymmetric delta according to (A.d). In this way
the first derivative term can be written
[M1M3..Mp_1] 4A B
5[BA1A3~~AD71]8 "o T [M2..Mp_1]

_ o[MaM3..Mp_1] (A B A B
=04, A Ap 1] (8 YOBT vyt iy _y) — (D = 2)07 0n, T [B...MD,1]> (B.3)
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Using the relations ([A.9) and (A.J), the second derivative term yields

[BQ2Qs3...Qp_1] ([M1M2..Mp_1] oA C _
[BA1A3~~~AD71}6[CQ2~~ QDfﬂa O, T [Mz..Mp_1] —

_ [BQ2Qs..Qp-1] [ 5A C A C
= (D =254, 45 Ap (a 00T (Quqs..qp_y) — (D = 2)0780,T [CQa---QD71]>

_ (MM ...Mp_1] g4 B
=2 (D N 2)!5[32153--.AD?1]1 0 16M1T [Mz...Mp 1] (B'4)

and eq. (B.J) becomes

M{Ms...Mp_
Spa e oMoy, TP 4+ 2(D - 2)im? [TC[0M3.._MD,1J —0. (B.5)

Here we have used eq. ([A.3) in order to rewrite the square bracket proportional to m? in

eq. (B-2). The derivative term in eq. (B.J) can also be written

[My..Mp_1] qA B A B
5[321...ADD,11}8 Yo T gy = (D — 2)[(17 = 3)0M 0BT "4, 4y 4 1]

(Mo Ms.. Mp_1] oA B
—0iaas apa) OO T Bagy. 0y | (B-6)

and using the first set of constraints already obtained, (B.]), we have

[M Mp_ } A B o DmB
Opas iy ap 10 0T g apy, )= (D =3)10B07T (pa, 4y, (B.7)
which finally yields
[MiM>...Mp 1] 5A B _

5[3211;?)14%711]5 18M1T [MQ...MD,ﬂ - 0 (B8)

In such a way eq. (B.§) reduces to a second set of constraints

B

T [BAz...Ap_1] — 0. (B.9)

Combining the constraints (B.1) and (B.9), together with (B.2§) we have the following
set of constraints for T5(,Q,..Qp_]

T8 pay. ap_y =0 (B.10)
0"T" (pay.ap_y =0 (B.11)

The last set of constraints
BT 4yas. ap =0 (B.12)

is obtained by explicitly rewriting the cyclic identity (B.2§) and subsequently contracting
a derivative with the unsymmetrized index in the first term. This contraction will appear
among the antisymmetric indices in the remaining terms of the sum, each of which will be
identically zero in virtue of the constraints (B.30).
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